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	In this study, the construction and dynamical analysis of the SEIRS model on the spread of COVID-19 with the influence of vaccination and social distancing were discussed. In this model, the human population is divided into four subpopulations: the susceptible individual (𝑆), the exposed individual (𝐸), the infected individual (𝐼), and the recovered individual (𝑅) with the assumption that the recovered individual can be reinfected. The dynamical analysis performed includes determining the equilibrium point and the basic reproduction number () and analyzing the equilibrium point's local stability. The results of the dynamical analysis show that the model has two equilibrium points, namely the disease-free equilibrium point and the endemic equilibrium point. A disease-free equilibrium point always exists, while an endemic equilibrium point exists if . The disease-free equilibrium point is locally asymptotically stable if , while the endemic equilibrium point is locally asymptotically stable if it meets the Routh-Hurwitz criteria. Numerical simulations performed show results in accordance with the results of the analysis. The effect of vaccines and social distancing on the spread of COVID-19 can accelerate the COVID-19 pandemic.
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INTRODUCTION
Coronavirus disease (COVID-19) is an infectious disease caused by a new type of coronavirus called Severe Acute Respiratory Syndrome Coronavirus 2 (SARS-CoV-2), which was discovered in the city of Wuhan, Hubei Province, China, in December 2019. SARS-CoV-2 comes from the same family as the viruses that cause SARS and MERS. Despite being from the same family, the virus is more contagious than SARS-CoV and MERS-CoV. On January 30, 2020, the World Health Organization (WHO) designated the spread of COVID-19 as a public health emergency of international concern (PHEIC). Then on March 11, 2020, WHO officially designated COVID-19 as a global pandemic (Ministry of Health, 2020).
The number of cases of COVID-19 spreading continues to increase in various parts of the world, including Indonesia. According to World Meters data (2022), Indonesia is the region in Southeast Asia with the highest number of COVID-19 cases, with 5,350,902 positive cases and a death toll of 147,025 as of February 23, 2022. Until March 30, 2022, the number of positive cases in Indonesia increased by 3,840, for a total of 7,876 recoveries and a death toll of 118. The existence of the COVID-19 pandemic has made researchers interested in conducting more in-depth studies in terms of epidemiology. The researchers used a variety of methods to understand the mechanisms for controlling the transmission of COVID-19 disease within the community. One of them is to do mathematical modeling. 
In 1927, Kermack and McKendrick introduced the classical theory of the first epidemic model, which is a model consisting of three subpopulations: susceptible (individuals who are not infected but can contract the disease), infected (individuals who are infected and can transmit diseases), and recovered (individuals who have recovered from illness). Many researchers develop models with the addition of new subpopulations, namely exposed individuals (individuals who have been exposed to the disease but have not been fully infected) (Sihotang et al., 2019). In previous studies, Ilahi et al. (2021) used a model to analyze the spread of Hepatitis C disease with treatment in chronically infected populations. Oktavia (2016) also used a model to analyze the stability of the dynamic system model of the spread of chickenpox disease (Varicella) with the influence of vaccination. With a model that is as different as the two, Risky (2015) used a population model in his research to analyze the spread of T-disease tuberculosis. In addition, Zhafran et al. (2022) used a model to analyze the spread of pneumonia in toddlers under the influence of vaccination.
In this research, we modify the model of Annas et al. (2020) by adding the assumption that the recovered subpopulation can reinfect. The rate of change of individuals from susceptible subpopulations to other subpopulations was exposed in the research discussed by Annas et al. (2020) and changed to the rate of change of individuals coming out of susceptible subpopulations due to the absence of preventive measures against the spread of COVID-19 in the form of social distancing. The dynamic analysis of the model in this research is the same as the analysis performed by Zhafran et al. (2022) in their research on the model of Pneumonia disease spread in toddlers with the influence of vaccination. The analysis carried out on this model includes determining the equilibrium point and the base reproduction number, analyzing the local stability of the equilibrium point of the model, and interpreting numerical simulation results using the Runge-Kutta method of Order 4.
The development of a mathematical model for the transmission of COVID-19 is still very open and continues to be carried out today. Especially in the present, the spread of COVID-19 involves the existence of preventive factors against the spread of the virus in the form of vaccination and social distancing. Thus, this research examines the spread of COVID-19 by using a model that involves vaccination and social distancing factors as parameters.

RESEARCH METHODS
These are the steps involved in doing the research:
1. Construct a mathematical model.
According to a revised study by Annas et al. (2020), which includes the presumption that recovered subpopulations can be reinfected, a mathematical model for the propagation of COVID-19 has been developed. Four subpopulations make up this model: the susceptible (S), exposed (E), infected (I), and recovered (R) subpopulations.
2. Determine the equilibrium points of the model.
The definition of an autonomous equilibrium point can be used to identify the model equilibrium point. Basically, there are two equilibrium points, free-disease and endemic equilibrium points.
3. Determine the basic reproduction number.
The equilibrium point of the resulting model can be used to obtain this fundamental reproduction number using the Next Generation Matrix approach.
4. Investigate the local stability of the equilibrium points.
Local stability analysis can be determined by linearizing the nonlinear model to get the Jacobian matrix. Then, by substituting the equilibrium points to the Jacobian matrix, eigenvalues are obtained from the characteristic equation. Therefore, locally asymptotically stability is achieved when all the eigenvalues of the real parts are negative. Furthermore, unstable is obtained when there is at least one positive value.
5. Numerical simulation.
Numerical simulations are carried out to illustrate the analysis results by selecting several parameters that full fill the stability requirements. The 4th-order Runge-Kutta method is applied to solve the model numerically.

RESULTS AND DISCUSSION
Model formulation
This mathematical model of the spread of COVID-19 is a model of the results of research modifications discussed by Annas et al. (2020) by adding the assumption that the recovered subpopulation can be reinfected. The addition of this assumption causes the dynamic analysis carried out in this research to be the same as the analysis carried out by Zhafran et al. (2022) in their research on the model of the spread of pneumonia in toddlers with the influence of vaccination. The population is divided into four subpopulations, namely susceptible individuals, who are not infected but susceptible to contracting the disease, Exposed, which means individuals who are exposed to the disease but have not been fully infected; Infected, which means individuals who are infected and can transmit the disease; and recovered, which means an individual who recovers from the disease. In this model, the population total t is N(t) = S(t) + E(t) + I(t) + R(t).
The COVID-19 spread model is depicted as a compartment diagram on Figure 1, and parameters are stated in Table 1.
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                     Figure 1: Compartment diagram of the COVID-19 spread model.

The SEIRS model of the spread of COVID-19 in the form of a system of nonlinear differential equations is as follows:
	



	



(1)



with   is the number of people socially isolating themselves as a preventative step against the spread of COVID-19, and  is the rate of vaccination.

Table 1. Description of the parameters in the model
	Symbol
	Description

	
	birth rate

	β
	the rate of change of individuals from subpopulation  to 

	γ
	the rate of change of individuals from subpopulation   to 

	δ
	recovery rate of individuals infected with COVID-19

	
	the rate of transmission of the disease from subpopulation  to 

	μ
	natural mortality rate

	
	death rate due to being infected with COVID-19

	ν
	rate of administration of the vaccine

	
	the rate of change of individuals who take precautions to prevent the spread of COVID-19 in the form of social distancing,



Equilibrium points and basic reproduction number
Equilibrium Point and Basic Reproduction Number
The equilibrium point of the system (1) can be obtained as follows.

so that we obtain disease-free equilibrium point

with

This equilibrium point condition indicates that the number of individuals in the exposed subpopulation and the infected subpopulation is zero. The absence of the number of individuals in the exposed subpopulation results in the number of individuals in the infected subpopulation also being zero at equilibrium. Since each parameter is positive, it can be concluded that the disease-free equilibrium point always exists.
The model discussed in this research is a model  for the spread of COVID-19. In this case, the basic reproduction numbers  represent the average number of newly infected individuals caused by one previously infected individual during the process of spreading COVID-19 in a susceptible population. The basic reproduction number is obtained by using the Next Generation Matrix. 

Furthermore, we get the point of endemic equilibrium

with




where





Because of the parameter , we have the value   is positive, while, , and  are positive when . Thus, we conclude that the equilibrium point exists  .
LOCAL STABILITY ANALYSIS OF EQILIBRIUM POINTS 
The system (1) is a system of nonlinear differential equations. The stability of the equilibrium point can be determined by linearizing the system (1) around its equilibrium point. The Jacobi matrix of the system linearization result (1) is

Local stability of disease-free equilibrium points (
	 The Jacobian matrix for disease-free equilibrium points
 is

The characteristic equation of the matrix can be obtained by solving the equation, i.e. 


By expanding the first column, it can be shown.

with
	
	(2)


or
	
	(3)


Equation (2) can be expressed in the form of quadric equation as following.
	
	(4)


with
 and 
Because and , equation (4) has real negative eigenvalues   and  when 
Furthermore, the same as before, equation (3) can be expressed in the form of the following quadratic equation.
	
	(5)


with
 and  when  Equation (5) has real negative eigenvalues   and  when 
Finally, the disease-free equilibrium point is locally asymptotically stable if 
Local stability of endemic equilibrium points
The Jacobian matrix of the endemic equilibrium point   is

By way of

the matrix of characteristic equation  can be obtained by solving the equation , i.e.

so that we have characteristic equation as follows
	
	(6)


with






Because determining the root of the characteristic equation (6) is not easy, then to find out the stability properties of the equilibrium point , the Routh-Hurwitz criterion is applied.  Based on this criterion, the roots of the characteristic equation  (6) are locally asymptotically stable if  and . It will be shown with numerical simulations.
NUMERICAL SIMULATION
Numerical simulations are carried out to illustrate the results of the analysis that have been obtained. Numerical simulations were carried out using MATLAB software with the Runge-Kutta Order 4 method.  There are three kinds of simulations carried out, namely simulations for , simulations for the influence of vaccination, and simulations for the influence of social distancing on the spread of COVID-19.  The parameter values for simulations  are described in Table 2.




Table 2. Parameter values for simulations 
	Parameter
	Simulation I
	Simulation II

	
	
	

	𝛽
	
	

	𝜇
	
	

	
	
	

	𝛿
	
	

	𝜈
	
	

	𝛾
	
	

	
	0.75
	0.25

	
	0.8
	0.8



Numerical simulation I
Simulation I was performed to illustrate the stability of the disease-free equilibrium point . If parameter values are used in the second column of Table 2 and then are substituted into , then, we obtain  Based on the values of these parameters, there is one equilibrium point that exists, that is,  the  disease-free  equilibrium point  

and it can be checked that the above numerical results are defined on

Numerical simulations performed with initial values  ,  towards the point of disease-free equilibrium .  The simulation results in Figure 2 reflect the results of the analysis obtained. If  then the disease-free equilibrium point is locally asymptotically stable. Figure 2 shows that over time, exposed (E) and infected (I) subpopulations will further decline towards 0 which means there is no spread of COVID-19.
Numerical simulation II
Simulation II was performed to illustrate the stability of the disease-free equilibrium point and the endemic equilibrium point.  Substitute parameter values in the third column of Table 2 result in  Based on the values of these parameters, there are two equilibrium points that exist, namely the disease-free equilibrium point and the endemic equilibrium point.   
 It can be checked that both numerical results are defined on 


[image: ]
Figure 2. Model solution for .
The equilibrium point  is locally asymptotically stable when it meets the Routh-Hurwitz criterion, i.e. and .  Numerical simulations are performed with initial values . Over time (t), the number of individuals in the subpopulations S, E, I, and R goes towards the point of endemic equilibrium  . The results of the numerical simulations obtained show that if , then the equilibrium point   is locally asymptotically stable. By using the parameters in Table 2, we end up
  and  
Figure 3 shows that the spread of COVID-19 will last for a considerable period.
[image: ]
			Figure 3. Model solution for .

Numerical simulation of the effect of vaccination on the spread of COVID-19
In this subsection, we discussed the effect of vaccination () on infected subpopulations  . The parameter values used in this simulation, i.e.  and . The initial value used is . The results of numerical simulations for the effect of vaccination on the spread of COVID-19 are presented in Figure 4.
[image: ]
Figure 4. Effect of vaccination on the spread of COVID-19
Based on Figure 4, the greater the proportion of vaccinations given, results in the fewer the number of individuals infected with COVID-19.  Thus, it can be said that vaccination can reduce the rate of spread of COVID-19.
Numerical simulation of the effect of social distancing on the spread of COVID-19
In this subsection, the effect of social distancing (parameter ) on infected subpopulations is discussed. In this simulation, parameter values are used i.e  and . The initial value provided is . The results of numerical simulations for the effect of social distancing on the spread of COVID-19 are presented in Figure 5. Figure 5 shows that the more individuals who practice social distancing result in the greater the rate of decline in the number of infected individuals, and over time can stop the spread of COVID-19.  Thus, it can be said that the implementation of social distancing can accelerate the end of the spread of COVID-19.


[image: ]
Figure 5. The effect of social distancing on the spread of COVID-19
CONCLUSIONS
Based on the results and discussion, the following conclusions can be obtained the COVID-19 spread model is a nonlinear  differential equation system that divides the human population into four  subpopulations, namely  subpopulations that are not infected but are  susceptible to contracting  the disease,   subpopulations that have been exposed to the disease but have not been fully infected,   subpopulations that are infected and  can transmit diseases, and subpopulations that  have recovered  from the disease and assumed that the recovered subpopulation can be reinfected. The COVID-19 spread model has two equilibrium points, namely the disease-free equilibrium points and the endemic equilibrium point. The disease-free equilibrium point always exists, while the endemic equilibrium point has an existential requirement  that is . Based on the stability analysis of the equilibrium point, the disease-free equilibrium point is asymptotically stable if  .  The endemic equilibrium point is a local asymptotic stable l if it meets the Routh-Hurwitz criteria. The results of numerical simulations on  support the results of the analysis that has been carried out. The simulation results on the effect of vaccines and social distancing on the spread of COVID-19 show that vaccine administration and the implementation of social distancing can accelerate the end of the COVID-19 pandemic.
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